Introduction
Reliability allocation is a vital step of reliability design. A scientific allocation method can make the system owns the highest reliability while expending the minimum costs. The current allocation methods including traditional methods, risk priority number based (RPN-based) methods and cost-based methods etc. The above-mentioned allocation methods have following shortages ubiquitously:
The traditional allocation methods do not consider the failure (1) effect on system, which makes the results incredible. The same weight of factors and equivalence relationship be- (2) tween different severities cause the results of RPN-based methods deviating from reality. It is difficult to obtain the concrete cost statistics, and the cal- (3) culation process of cost function is too complex, which makes the cost-based allocation methods impractical.
In addition, the current allocation methods just allocate from single aspect, either considering the failure effects or manufacturing costs, which are lack of a comprehensive consideration. Thus, it is difficult to optimize the allocation results.
Therefore, this paper proposes a comprehensive allocation method considering both failure effects and reliability costs. The risk priority numbers in current RPN-based methods are modified to represent the failure effects. Based on the inspiration of generalized cost function, the reliability costs are described by the current and the highest reliability of system. State of the art, working conditions and subsystem intricacy are considered synthetically to construct a semiquantitative cost function. Value range of the relationship between the costs and potential risk of subsystem is given to avoid the smaller weight factor is too small to take into consideration, which ensures the scientificity of the results. sciENcE aNd tEchNology
Literature review
Reliability allocation is to distribute the reliability target of system to its component subsystems actually through a specific method. It must satisfy the reliability requirements of system but also a variety of constrains. The most basically requirement is to solve the following inequality: 
Where * s R is the reliability target of system, * s g  is the constrain of system which includes cost, volume and mass factors etc.., R i is the reliability target of subsystem i.
Assuming that a serial system is composed by k subsystems, λ * (t) is the target failure rate of system. λ * i (t) is the allocated failure rate of subsystem i which can be expressed as:
where ω i is the allocation weight of subsystem i, which can be obtained by the following equation:
where n i is the estimated value of subsystem i, it could be component numbers in subsystems or failure rate or others [9] . The various allocation methods in the end are the different selection of n i .
Traditional allocation methods
Traditional reliability allocation is a method that considers single or multiple factors, judge subsystems by objective or subjective information and finally calculates allocation weight of subsystems through a certain of combination operations. It is aimed at guiding new designs by the current reliability level of systems, that is, the higher reliability the existing subsystem, the lower failure rate the corresponding new subsystem allocated.
State of the art, intricacy, operating time and working conditions of system are closely related to its reliability level, therefore, these factors are always regarded as the consideration factor while lacking of reliability data. Many scholars utilized various operations to allocate subsystems weight by the consideration of above four factors. or summation [14] :
where A ij is the estimated value of factor j for subsystem i, which value rang is the natural number from 1 to 10. or multiplication [7] :
or mixed operations [1] :
where A i1 is the state of the art of subsystem i.
Karmiol [13] allocated the reliability index by Eq.(4) while considering the state of the art, intricacy, criticality and operating time as evaluating factors.
To solve the problem of the same weight between judging factors, the evaluation results are modified by factor weights or expert weights in some papers [19, 27] . O'Hagan [20] presents a calculating method of relative weight a j by maximal entropy, the estimated value n i of subsystem i is given as:
Wang et al. [23] take the failure frequency, failure severity, subsystems maintainability and complexity etc. seven factors into account, evaluate the allocated value of subsystems by Eq. (7) after seven factors were compared each other by both quantitative and qualitative information. Where a j is the relative weight of factor j to others. A ij is the relative value of subsystem i to subsystem j.
Though the traditional allocation methods can works in a certain extent in system allocation, these methods do not take the failure effects into consideration, nor take the manufacturing costs of system into consideration.
RPN-based allocation methods
It is inevitable for any systems to have no failure during it runtime. Various failures bring different influences to system, even if the same failure mode occurs in different subsystems. Whatever the failure happens, it would cause a loss to system more or less. Therefore, it must take the potential failures and failure effects into consideration while the reliability of system is allocated.
Recently, some scholars [11, 26] proposed the RPN-based allocation methods. RPN is the scale of failure criticality, measuring the severity(S), occurrence (O) and detection (D) though an ordinal scales from 1 to 10 in the failure modes and effects analysis (FMEA) of system. The RPN of failure mode j in subsystem i as given below:
When the detection is considered in the severity of failures [5, 11] , the Eq. (8) can be rewritten as below:
Assuming that there is N failure modes in the system, ItabashiCampbell [11] proposed the estimated value of subsystem i can be given by Eq.(10) or Eq.(11) according to the different intentions of allocators.
where:
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Many researchers [18, 24] point out it is unreasonable to give the same weight to risk factors, for instance, the failure mode S 1 =2, O 1 =8 and S 2 =8, O 2 =2 has the same RPN in this manner though it was not the case in reality.
To overcome the defects of this method, a new allocation approach was presented by Kim et al. [15] . The original severity is modified by an exponential function, assuming that S ij is the original severity of failure mode j in subsystem i, the new severity is given as :
where a is the severity coefficient, which is depended on the designer intention. a must get a higher value while the designer take failure effects more seriously and vice versa.
The evaluation criterion of subsystem i is given by:
m i is the number of failure mode which having the same severity with i S  . F i is the frequency ratio of failure mode j i in subsystem i.
Though this method solves the shortcoming of equal weighed in general RPN-based methods, it is still unreasonable. The evaluation values in the paper are specific numbers which is far away from the actual due to the subjectivity and uncertainty in judgment processes [2, 24] . Furthermore, whatever the RPN-based allocation methods only consider the failure effects on system, and ignore the necessary manufacturing costs of system with a specific reliability during it produced.
Cost-based allocation methods
Generally speaking, everybody wants the system with higher reliability, but the higher reliability of system, the more manufacturing costs needed, and sometimes even lose more than gained. Therefore, the manufacturing cost is the essential factor that must be taken into accounts in any systems development.
The current cost-based allocation methods mainly focused on the optimal planning of allocation, there are two main ways to consider the costs. The one is regarding costs as a specific constant which obtained from statistics or assumption, the other is considering the cost as an increasing function with the reliability of system [3, 8, 10, 12, 21] .
Todinov [22] regards the costs and losses of system as the consideration factors in allocation. Assuming Q i is the manufacture costs of subsystem i, the losses caused by failures of subsystems is the constant L, the total costs C i of subsystems as given below:
Wang et al. [23] weight the costs through cost sensitivity, which is obtained from the experts experience by a scale of 0 to 1 value to represents the relationship between the costs and reliability of subsystem i. :
where i C ∆ is the increased costs of subsystem i. i R ∆ is the improved reliability of subsystem i.
In the actual project, however, the cost of systems is hard to collect with the changing of technological and price level. In addition, it is unreasonable to treat the costs of various failures as a constant while there is a big difference effects between all kinds of failure modes.
Dale et al. [4] proposed the six basic properties of cost function in 1986, regarding costs as the increasing function with reliabilities. And then many scholars set up cost function model on this basis. Based on the six properties, Li et al. [17] establish the cost function of diesel engine as:
where R i is the allocated reliability of subsystem i. f i is the cost coefficient of subsystem i, where 0<f i <1. R i,max and R i,min is the maximum reliability under the current technologies and the current reliability of subsystem i respectively. c(R i ) is the improvement costs of subsystem i from the reliability R i,min to R i .
According to the three properties mentioned in [16] that a cost function must be a positive definite function and non-decreasing and increasing rapidly as reliability close to 1, Elegbede [6] presents the total costs, which is expressed by:
where k i is the number of components in subsystem i. R i is the reliability of subsystem i. s is the number of subsystems and h i () is the function with the three properties.
Though cost function could describe the relationship between the costs and reliability of subsystems in a certain extent, it is poor practicability in the practical application due to its complicated computing processes.
Recently, Yadav et al. [25] notice the efforts of reliability improvement and describe it as a function which related to failure rate. The modified evaluation criteria of subsystem i based on the method presented by Kim is given by:
where δ i is the difficulty coefficient of subsystem i for improvement. e i is the effort coefficient where e i
Though the approach presented by Yadav noticed the influence between the reliability of subsystems and improvement efforts, it ig-sciENcE aNd tEchNology nored the real determinant factor of efforts is the current technology level of subsystems rather than failure rate. After the severities and efforts are modified, each subsystem is multiplied with different degree of difficulty coefficients according to the subjective consciousness of the allocators, which is equivalent to modify the efforts twice. It is no doubt to increase the subjectivity in the allocation process, resulting in lower credibility of the distribution results.
The deficiencies stated above urgently require a more thoughtful and credible allocation method.
Proposed allocation method
Aimed at these defects mentioned above, we present the solution in this section. Fuzzy linguistic is used to describe the uncertainty subjective information in the allocation process. A more practical reliability allocation method which integrates failure modes and the necessary manufacture cost of system in a specific reliability is proposed. The steps and basis of proposed approach are shown in detail as following.
Step 1 Influential factors determination
The effect on system caused by the failures of components is defined as the potential risk (PR) of subsystems. Any system is made up of several subsystems, and there are several potential failure modes in each subsystem. The potential risk is determined by both severity and occurrence of failure mode in subsystems. Therefore, the S and O must be considered in the allocation process. Secondly, the improvement of reliability in any systems must increase the manufacture costs. Everyone expects that the system owns a higher reliability, but it is always not the case due to the constraint of costs even if the existing technological level could achieve. Due to these reasons, the corresponding costs (C) of system in a specific reliability must be considered.
The precise costs data of system is hard to collect, and it is not feasibility for various products even the data has gotten. Allocation methods based on cost function are too complicated in computing process to be applied in practical application. From the previous researches (as mentioned before), the necessary costs of reliability improvement is constrained by both the current reliability level and the highest reliability level under the circumstance of subsystem. And the reliability of systems is closely associated with the state of the art (SA), subsystem intricacy (SI), operating time (OT) and environmental conditions (EC). For these reasons, we set the four factors as the related factors of the corresponding manufacturing costs of system in a specific reliability. To simplify the allocation process, the operating time is ignored for the reason that it is same in a system even under different technological levels. Finally, the influence set K is expressed as K={PR, C}={(O,S), (SA, SI, EC)}={(occurrence, severity), (state of the art, intricacy, environmental condition)}
Step 2 Experts rating Experts are asked to rate the influence factor set K on the basis of objective information and subjective judgment. Since mainly of the collected data are incomplete or imprecise, also the opinions of design makers are essentially vague, information description using single numbers often leads to errors in judgment. Fuzzy linguistic and triangular fuzzy numbers are used to rate factors in this paper, shown in Table 1 and Figure 1 . Specifically, for the failure modes, higher occurrence and severity, higher score. For the rating of subsystems, assume that the best state of the art and environmental condition and the lowest intricacy of subsystems under the existing circumstance get the full marks (10), the closer to the limitations, the higher scores the subsystem rated.
To obtain the clear decision-numbers, the fuzzy rating results must be defuzzified. The current defuzzification methods mainly include the mean of maxima (MOM), center of area (COA) and α-cut etc. [18] . Different methods lead to various results. COA method is applied while considering the demand of simple practicality in allocation process, the expression of COA method is given as:
where x(a) is the defuzzified value, a 1 , a 2 , a 3 is the upper limit, most probable value and the lower limit value respectively.
Step 3 PR i determination Different severities of failure modes have different effects on system. To solve the unreasonable of factor weights in the allocation of RPN-based methods, the severity is modified as Eq. (23) based on the approach proposed by Kim et al. [15] . Not only does this method make up for the equal weight of factors, but solves the linearity of various severities which are criticized in RPN-based methods:
where a is the risk coefficient related to the type of products, the more serious the failure effects of this product, the higher value of a must be selected.
The failure mode numbers, severity and occurrence of each failure modes in a subsystem codetermine the potential risk, where the single loss is depend on the severity of failure mode and the loss frequency in a certain time is determined by both the number of failure modes and occurrence. Therefore, we proposed that the potential risk of subsystems should expressed as: Medium high(MH) (5, 7, 9) High(VH) (7, 9, 10) Very high(VH) (9, 10, 10) Step 4 C determination Plenty of papers show that it is not the simple linear relationship between costs and the improvement of systems reliability. Costs increase with the improvement of system reliability and would be a very high value while the reliability closes to the ultimate value under the current circumstance. Based on this property, the corresponding costs of system for its reliability we proposed is given as: max ' log (1 )
Fig. 1. Membership functions of triangular fuzzy numbers
where C' i is the final cost rating of subsystem i. C i is the defuzzification rating of subsystem i, the higher C i indicates that the subsystem owns the higher reliability level and the lower potential for reliability improvement. C max is the ultimate value of subsystem i in the current technological level. b is the cost coefficient where
As shown in Figure 2 , the cost described by Eq. (25) has following two features. Firstly, the higher reliability of system, the more costs it needed for the improvement of equal reliability ΔC, that is ΔC' 1 >ΔC' 2 . Secondly, at the same level of reliability, different types of products have different effort coefficients, and the cost of raising the same reliability is different, that is C' i2 >C' i3 .
To avoid ignoring the smaller value of factor due to the larger value of others in allocation process, the potential risk and manufacturing costs of subsystems should kept in the same magnitudes, that is to say, PR i and C' i should satisfy the limitation of 10
Step 5 System allocation methods The reliability of system is allocated to its components and is satisfied by the reliability combination of subsystems in the end. The basic target of reliability allocation is minimizing the possibility damages of system by a reasonable method which requires that the potential risks and the necessary reliability costs of subsystems must be weighted. The larger value of PR, the more serious the possible failure damage of a subsystem is. The smaller value of C', the higher the potential for reliability improvement of a subsystem is. The lower failure rate must be assigned to the subsystem which has higher potential risk and lower manufacturing costs for the sake of optimal results:
Plugging this into Eq.(3) , the final allocation weight is expressed by:
Illustrative example
To illustrate the effectiveness of proposed method further, the reliability allocation of spindle system of numerical control machine is employed in this section.
The spindle system is made up of spindle, bearing group, cooling system, broaching mechanism and rotation driving. Assume that the target failure rate of spindle system λ * =0.002. Now three experts (E1, E2 and E3) are asked to rate the failure modes and subsystems by the linguistic variables as shown in Table 1 . The rating results are shown in Table 2 . The defuzzified results which are translated from linguistic variables to triangular numbers are expressed in Table 3 . Table 4 shows the allocations results of three methods. The results of RPN-based allocation method are calculated by Eq. (11) due to the attention of allocator is minimizing the potential risk of system. Results of proposed method are obtained at the circumstance of a = e , b=0.997. The traditional allocation results are modified based on Eq. (5) for the reason that the rating principle of traditional method is opposite to this paper.
As shown in Table 4 and Figure 3 , subsystems are allocated diverse failure rates under different methods. Cooling system is given the highest failure rate in the proposed method which is the same result of RPN-based approach. As shown in Table 3 and Table 4 , cooling system has the highest rating of C i which means owning the highest relative reliability, and it must cost more than others to increase the same reliability. Meanwhile, it has the lowest rating of PR i which means having the minimal effects on system when failure happens. Therefore, it is more reasonable to assign the highest failure rate to cooling system than others.
The broaching mechanism is given the lowest failure rate in proposed method while the lowest failure is given to the cooling system and spindle in traditional and RPN-based method respectively. It can be explained that, the traditional allocation method is concentrates on the current reliability of system and assigns the lower failure rate to the subsystem with higher reliability, while RPN-based method focuses on the failure effects of subsystems to system and assigns the lower failure rate to the subsystem with more serious effects for minimizing the probable losses. Table 3 and Table 4 show that, cooling system has the highest rating of C i and the spindle owns the highest mean value of failure modes rating which means that the cooling system has the highest relative reliability and the spindle has the most serious failure effect to system. Therefore, the lowest failure rating is given to cooling system and spindle respectively. However, both traditional and RPN-based approaches are considered only unilaterally, without optimizing allocation results. Though the spindle owns the largest PR, the necessary reliability costs are massive due to its high relative reliability, and it is more unreasonable to allocate the lowest failure rate to cooling system. The broaching mechanism owns a low relative reliability in subsystems which means having a big room for reliability improvement, it more necessary to pay more attention to it while PR is the second in subsystems. Therefore, it is the optimization Fig. 2 . Transformed cost rating sciENcE aNd tEchNology result to allocating the minimum failure rate to broaching mechanism. Table 5 and Figure 4 show the allocated failure rate of subsystems under various cost coefficient b. In order to satisfy the demand that PR i and C i should kept in the same magnitudes, b is limited to the interval of [0.9867,0.9998] by using Eq. (27) . As shown in Table 5 and Figure 4 , the allocated failure rates change with different value of b. When b is close to the lower limit (b=0.990), the lowest failure rate is assigned to spindle while the highest is assigned to cooling system. When b is close to the upper limit (b=0.999), the lowest failure rate assigned to broaching mechanism while the assigned failure rate of spindle rises to the third. This can be explained that b must get a higher value in Eq. (25) while the production costs are higher or the designers are more concerned about costs than the failure effects on system, in other word, b must get a lower value in Eq. (25) while the failure effects are more serious than its manufacturing costs. When b=0.990, the necessary reliability costs are considered lesser than the losses of failures by designers, failure effects of subsystems is predominant during the allocation process so that the rank of allocation results is similar to the results of RPN-based. As for the difference between broaching mechanism and rotation driving can be explain that the values in RPN-based method are mean values, and the weight of broaching mechanism is raised after averaged. When b=0.999, the designers are more focused on design costs. The failure effects of subsystems are slighter relatively while the costs of subsystems are predominant. The ranks of allocation results are opposite to traditional method. When b exceed the limitation, the lower weight will ignored due to the far less than the higher, which would decrease the credibility of the allocation results.
Conclusions
This paper provided a comprehensive reliability allocation method considering failure effects and the necessary costs of system in a specific reliability. The potential risks and reliability costs of subsystems are considered as the allocation factors, the modified RPNs are used to represent the potential risks of subsystems, and the reliability costs model is created by using relative reliability of subsystems. An allocation model is constructed for the purpose of optimizing results which solves the weaknesses of incomplete considerations and poor practicability in the existing reliability allocation methods. It is more flexible while the risk and cost coefficients are considered which can be adjusted with various purposes or allocating objects. Uncertainty factors in allocation process are accounted by fuzzy method and the presented value range of risk and cost coefficients ensures the balance of weight factors, which both enhance the credibility of results. 
